The author [5] proved that the order of a liouvillian element in Liouville's sense is at most 3 if it satisfies an algebraic differential equation of the first order. Here, we shall generalize his theorem as follows : The order of a liouvillian element in Liouville's sense is at most 3n if it satisfies an algebraic differential equation of order n.
The author [5] proved that the order of a liouvillian element in Liouville's sense is at most 3 if it satisfies an algebraic differential equation of the first order. Here, we shall generalize his theorem as follows : The order of a liouvillian element in Liouville's sense is at most 3n if it satisfies an algebraic differential equation of order n.
Let k be an ordinary differential field of characteristic 0, and Q be a universal extension of k. We assume that the field of constants ko of k is algebraically closed. A finite chain of extending differential subfields L0CL1C ••• CLn in Q is called a Liouville chain over k if the following three conditions are satisfied :
(i) Lo is an algebraic extension of k of finite degree : (ii) The field of constants of Ln is k0: (iii) For each i (1 <i<_ n) there exists a finite system of elements w1, wr of L ti which satisfies the following two conditions ; either w; E L_1 ior w; /w ; is the derivative of an element of Li_1 for each j (1< j<r); L1 is an algebraic extension of L _ 1(w1, , wr) of finite degree. A subfield L of Q is called a liouvillian extension of k if there exists a Liouville chain over k which ends with L. Let z be an element of Q. Then, z is called a liouvillian element over k if there exists a Liouville chain over k such that its end contains z. In particular, if k=ko(x) with x'=1, then a liouvillian element over k is called an elementary transcendental function of x over ko (cf. Watson [9, p. 111] ). The following definition is due to Liouville [3] : A liouvillian element z over k is said to be of order m if m is the minimum of those n such that the end of a Liouville chain L0C
CLn over k contains z. THEOREM. The order of a liouvillian element over k satisfying an algebraic differential equation over k of order n is at most 3n.
It follows from the following : LEMMA. Let k* be a finitely generated differential extension field of k in Q whose field of constants is k0, and L* be a differential extension field of k* in Q. Suppose that L* is contained in a liouvillian extension K* of k*. Then, there exists such an extending chain L0C •.
• CLn of differential subfields of Q that satisfies the following conditions: Lo is an algebraic extension of k* of finite degree; n=tr. degk*L*; L*CLn; for each i (0<i<_n) there exist an element yi of Li and elements ai, ji of Li_1 such that y2=aiyi+I3i and Li is an algebraic extension of L1_1(y) of finite degree.
In § 1 we shall show that Theorem follows from Lemma. In § 3 we shall prove Lemma. In the last § 4 an example of liouvillian element in Theorem whose order attains 3n will be given. In § 2 we shall show the following : PROPOSITION. Let A be a differential extension field of k in Q. Suppose that two elements tl, t2 of Q are algebraically independent over A and satisfy t~=aiti+bi (i=1, 2) ; here we assume that each of a1, b1 is algebraic over A and each of a2, b2 is algebraic over A(t1). Let B be a differential extension field of A in Q. Suppose that t1 is transcendental over B, t2 is algebraic over B(t1) and the field of constants of B(t1) is k0. Then, there exist an element t of B1 and elements a, b of Al such that t is transcendental over A and t'=at+b, where Al and B1 are the algebraic closures of A and B respectively. REMARK 1. If we replace "w'; E Li_1" in the definition of a liouvillian element by "w; =a'/a, a E Li_1", then we have an "elementary" liouvillian element. For such an element let us modify the definition of "order" by the above replacement. Then the order of an elementary liouvillian element satisfying an algebraic differential equation of order n is at most 2n. This theorem is due to Singer [8] (cf. Rosenlicht and Singer [7, Theorem 1] ). In the special case where n=1 and k=C(x) with x'=l it is due to Mordukhai-Boltovskoi [4] (cf. Ritt [6, p. 86] ). REMARK 2. Our definition of "liouvillian extension" is slightly stronger than the ordinary one. If we replace "w /w= a', a L1_1" by "w /w1 L1_1", then we have the ordinary definition. The difference is not essential (cf. § 1). If we modify our definition of "order" by this replacement, then 3n in our result is replaced by 2n.
The author wishes to express his sincere gratitude to Professor M. Matsuda for his kind advices. § 1. Kolchin's existence theorem.
Kolchin [2] obtained the following theorem : Let A be a proper prime differential ideal in the differential polynomial algebra k {u1, . . . , u n} over k, and let J be an element of k {u1, . by y2=aiyi+1i. Then, there exists a constant ci such that yi=wi(zti+ci) for each i (1<i<-n). We have ciE k0. Since K is an algebraic extension of k(y1i • • • , yn) of finite degree, there exists an element t of K such that K= k(y1i ..•, yn, t). We define a chain M0CM1C CM3n by
This is a Liouville chain over k and Man contains y. § 2. Proof of Proposition.
We shall prove that there exist an element t3 of B1(t1, a2, b2) and elements a3, b3 of A1(t1, a2, b2) such that t3 is transcendental over A1(t1) and t3=a3t3+b3. Let C and D denote A1(t1, a2, b2) and B1(t1, a2, b2) respectively, and G be the minimal polynomial of t2 over D :
Then, differentiating G(t2)=0 we have t~{gtg-1+(g-1)v1tg-2+ ... +Vg-1}+vitg-1+ ... +v=0. Hence vl=vla2-g 2 by G(t2)=0 and t2=a2t2+b2. Thus
Suppose that v 1 is algebraic over C. Then g t 2+ v 1 is transcendental over C and algebraic over D. Since ko is algebraically closed, the field of constants of D(t2) is ko. Hence there exists a positive integer q such that (gt2+v1)q~D. As t3 we can take (gt2-E-v1)Q : t3=ga2t3. If v1 is transcendental over C, then we can take vi as t3. Thus the existence of t3, a3 and b3 is proved. We consider C and D as one-dimensional algebraic function fields over Al and B1 respectively. There exists a prime divisor P of C such that vp( t1) <0, where vP is the normalized valuation belonging to P. Let z be prime element in P such that v C. Then i (z')>0 by t1=alt1+b1: For, t1=Q with some prime element a in P :
We have -ea'=a1a+b16e+1 and vp(a')>0. There exists uniquely a prime divisor Q of D such that the restriction of vQ to C is vP, where vQ is the normalized valuation belonging to Q. In this Q, z is a prime element. The completion CP of C with respect to P is a differential extension of C, and the completion D0 of D with respect to Q is a differential extension of D ; the differentiation is continuous in each completion (cf. Chevalley [1, p. 114] ). The latter DQ is a differential extension of the former CP. In DQ we have z'-~f1Z1+d , fo*0, f~EAI, d>0, a3=~ a*vi+S , ao ~0, a*~A1, b3=~ b*~.i+r' bo ~0, b*E A1, t3=E ir, ro~0, Y~EB1, 0<i<co;
here we assume that f= ia*=b*=0 if i<0. We shall prove that 1 E Al for some j. To the contrary suppose that each of Yi is in A1. Since t1 and t3 are alge-braically dependent over B1, we have ~eijtit3=0 (1<_i, j<2), e1 B1, where some ei j is not 0. Let {wl, , w,be a basis of the linear space spanned by all ei; over A1. Then for each i, j (1i, j_<2)
~ijhEAl . eij-~vijhwh (1 hp), We have O= {~oijhtlt3}wh
(1 hC ; 1<i, j<2).
By our assumption t1, t3 E A1((v)). Hence we have
for each h (1 < h < p). Since w1, • • • , w~ are linearly independent over A1, each of (1) is . Since t1, t3 are algebraically independent over A1, we have o=O, 1<_i, jcA; 1~h<p.
Hence, each of is 0. This is a contradiction. Thus we may suppose that 7JEE Al and riE Al (0-<-<i< j) for some j (j?O). Differentiating the expression of t3 in DQ we have Our Lemma asserts that the equality holds. To the contrary suppose that the subset 1' of all pairs (k*, L*) of A for which the equality does not hold is nott empty. Let Ts be the set of all pairs (k*, L*) of P such that tr. degk,L*=e. Let n be the minimum of those e such that I's is not empty, and m be the minimum of f (k *, L*) where (k*, L*) runs over all elements of f. Then, m > n? 1. We assume that (k* He satisfies the condition (iv) for (k*, L*). Hence, e=n and m= n + 1. Thuss t1 is transcendental over L* and t2 is algebraic over L*(t1). Two elements t1 and t2 are algebraically independent over k* by the assumption (iv). By Proposition there exist an element t of the algebraic closure of L* and elements a, b of the algebraic closure of k* such that t'=at+b and t is transcendental over k*. The transcendence degree of L*(a, b, t) over k*(a, b, t) is n--l.. Hence, (k*(a, b, t), L*(a, b, t))EA--P.
There exists a chain HoCHic We assume that k= k0(x) with x'=1. In the differential polynomial algebraa k {u1, • • • , u n} over k we define Fti (1 <_ i <_ n) by F1-ui-u1/(ax)-1/(ax+1), ac k0, a~0, Fi=(t1i-1-I-1)(ui-1211-ui)-ui-1, (2~icn).
There exists a solution (yii , yn) of F1-F2= =F=O in Q. Suppose that a is not a rational number. Then, the element y n is proved to be a liouvillian one over k. It satisfies an algebraic differential equation over k of order n. It can be shown that the order of yn over k is 3n.
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